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1- Functions of Several Variables

(1)Find the first partial derivatives of the following functions :

(@ flx,y) =x*+y*+xy+3 () f(x,y) =3* +xy* + Iny

(c) f(x,y) = coshx3 + ysiny (d) f(x,y) = xsinx + 3 sinh 2y

(e) f(x,vy,2z) = x* + zy* + x e?* (f) f(x,y,2) = 2x* + In(3y + z°)

(9) f(x,y,2z) =y 3 +sin(x? + z) (h) f(x,y,z) = x€* + 3z — sinh(yz)
(2Q)Find fy, , fiy ,fyy , fyx for the following functions :

(@ fl,y)=x3+y*+xy+3 () f(x,y) =3 +xy* + Iny

(c) f(x,y) = coshx3 + ysiny (d) f(x,y) = xsinhx + 3 cos 2y

(e) flx,y) = x* + y* +xe¥ () flx,y) = 2x* + In(3 +y*)

(3)For the following functions, show that : f yx +f yy = 0

(@ f(x,y) =x+e cosx  (b) f(x,y) =x* —y? (©) fx,y) = tan™* >

(4)Find j—i from the following equations :

(a) x3 +y* +xtanhy = 3 (b) 3*siny + xy* +Iny =0
(c) ycoshx3 + xsiny =8 (d)xsinx +ycosy =0
(e)x’+ y*+xeV+4=0 () 2x*+In(x+y3)—2y=0

. dz 0z . . )
(5)Find o’ 7y from the following equations :

(@) x3 + e +xysinz =3 (b) 3*siny + xy* +zlnz =0
(c) ycoshx+ xsiny = zsinhz (d)xtany +ycosx + ze* =0
(e) x* + y* + zsin(xyz) = 0 (f) 2x* +y + 2z + In(xyz) = 0

(6)Verify Euler’s theorem for the following functions :

(@) flx,y) =23 +y° +xy? (b) f(x,y) = 3x* +xy> — 2y*
(c) f(x,y) =Inx —Iny (d)f(x,y)=5x+\/xzi-l-y2
(&) f(x,y,2) =x*+ y* +zy3 (f) f(x,y,2z) = 2x* + yz + 3z°

2 ) X y
@) f(x,y,z) =x+ 2z + x}jl-z (h) fCx,y,2) = smy_l_z—cos;
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X4 csin — cinh 2 : —
(7) If u—y+smy+z smhz.ShOWthat.xux+yuy+zuz—0

x3_y3 )
e Show that: xu, +yu, =1

B)If u=In

3 3
(9)If u=tan! % Show that : x u, + y u, = sin2u

(10)Find the envelope of the following curves :

(@) x* + (y—a)? =2a (b) (x — b)? +y? = 4b
() (x—c)i+(y—c)i?=8 (d) (x —cosa)? + (y —sina)? = 1
(e) xcosB +ysinB = 2 (f) xsinB+ycosp =4

(11)Find the extrema of the following functions:

(@) f(x,y) = 2x + 3y (b) f(x,y) = x* + y> — 4xy + 4y
(c) f(x,y) =3 +Inx—Iny (d) flx,y) =1—x%— y* —4x+ 2y
(&) fx,y) = x> — y* + 3xy () fx,y) = x* +y° — 4x + 6y + 2
(9) f(x,y) = x* + 3y* + 2xy (h) f(x,y) = x* +y° +32x = 9y

(12)Find the extrema of the following functions subject to the given constraints :

(@) f(x,y) =xy ; 4x% + y* =8

b)) fx,y) =x+y+7z; 2x+ 3y =2

@ fx,y) =x+y+z ; x24+y24+22-27=0
(d) f(x,y,2z) = x> +y% + 22 ; Xx+y+z=12

(e) flx,y,2) = x2 +y* + 2% ; X—y+z=6

(13)Find the point on the plane x + 2y —z = 10 nearest to the point (1, 2, 3).

(14)Find the volume of the largest rectangular box that can be inscribed in the
ellipsoid : 16x2 + 4y? + 9z> = 144
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2- Vectors Analysis
WOIfU=2i—-2j+k, V=3i+4k, W=1i—2j+ 2k.Find:

(@)U+V BDU+V+W (c)U + 3V —2w
(@) U.V eU.V+Vv.w (f) UxV + VxW
(@) U] + V] (n) U1 +V. W () |UxV| = [VxW|

(2)Find the angle between the vectors : U =2i — j+ 2k and V =3i — 4]
(3)Let P(1, 2,-1), Q(3,0,—3) and S(5, 4, 1) be vertices of a triangle.
Find the interior angles of this triangle.

(4) Find the value of the constant ¢ so that the vectors U =3i— j+ck and

V =i-2j+ 2k are perpendicular.
(5)Find a unit vector perpendicular to the plane of the two vectors :

U=2i—j+3k and V=—i+4j.

_ U d20
(6) If U = (t? + 2t)i + (tsint)j + (2 + cos t)k. Find Z—[Z,%

_ 7 2y
(M) If U= (t+e")i+ (t+sinht)j+ (3t + cost)k. Find fl—[tj,| C;TzUl at t=0.

(8) If U = (x%+yz)i+ (ysinx)j+ (27 + cos2)k.

] oU oU o0U = — — —
Find _x y T E; Uxx ;Uyy; UZZ' Ux

(9) Find Vo where :
(@ p=x*+yz+2Y (b) p=ysinx+zcosy+e? (c) ¢ =x3+xyz+e"*
(10) If @ =x*siny +e?, Y =e™?. Find Vo, Vy and V(¢ + ).
(11)Find the angle between the normal vectors to the surfaces : x2 + y? +z2 = 16
and x2 +y2 —3z+42 =0 atthe point (2,/3, 3).
(12)Find V.U where :
(@) U = (x%y)i + (yz)j + cos(xz)k.
(b) U = (e*y)i — (y + 2)j + sin(2x + 32)k.
(¢) U = (y2)i + (xyz)j + In(x + 3y + 22)k.
(13)Find V.U at the point (1, 1, 1) where : U = (yz)i + (xy + z)j + In(xyz)k.

3
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(14)Find Vx U where :
(@) U = (x%y)i + (yz)j + cos(xz)k.
(b) U = (e*y)i — (y + z)j + sin(2x + 32)k.
(©) U = (y2)i + (xyz)j + In(x + 3y + 22)k.

(15)Find Vx U at the point (1, 1, 1) where : U = (yz)i + (xy + z)j + In(xyz)k.

(16)Find V.(U+V) , Vx(U + V), V.(UxV), V(U.V) where:
U=x%i+xyj+y3zk and V = (y2)i—yj+xz k.

(17) Find the integral : f(%ﬁ)l))(x + y)dx + (2x — 3y)dy along the curves :
(@ y=x (b) x* =y (€ x=y° (d) y =x°
(1L,1)

(18) Find the integral : [

©0.0) (x + 2y)dx + (2x — y)dy along the curves :

@y =x (b) x* =y (©) x =y’ (d) y=x°

(19) Find the integral : 93C (xy) + (x + y)dy along the curve C given by :
@ x*=y, x=y? (b) x* +y* =4

(20) Find the integral : ﬁc (x + 2y) + (x? — y)dy where the curve C is the sides
of the triangle of vertices : (0, 0), (2, 0), (2, 2).

(21) Find the integral : ¢, (2xy) + (x* + y*)dy where the curve C given by :

@ y=x, y=x? (b) x* +y? =5

(22) Find the integral : §. (3x°y) + (x* — 2y)dy where the curve C is the sides
of the rectangle of vertices : (0, 0), (2, 0), (2, 2), (0. 2).
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3- Complex Functions

(1)Determine which of the following functions are harmonic :
(@)u=xsiny—ycosx (b)u=x?—1y? QDu=x*+2y—y*+2
(d)v=x3-3xy? +x (e)v=y?+xy—x? (Hv=x?+2x—y>-3

(2)Show that the following functions satisfy Riemman equations :

(@) f(z) =2z+3 (b) f(2) = z* — 3z () f(z) =z+e?
(d) f(z) =3 +sin2z (e) f(z) =z—coshz (f) f(2) = z* + cos z
(3)Find the residues of the following functions:

-1 sinz

o=y Of@-

z z

e e
Az-1 (e) f(2) = —

(4)Show that : If c is the ellipse z(t) = 5cost + i4sint. Then

(a) f(z) =2z+3 (b) f(2) = S>3

Z
(f)f(Z)=ﬁ

(@ f(2) = —

(a)jidz:o (b)j—dz 0 ()I% =0
cZ+8 cZ—3mi c Z2-8i
(d) [Nz +6), n(z+6) 0 ()f sin4z 720 (f)j sinhz 7 =0
cZ 2436 cZ 2_36 —3mi
(5)Show that : If C is the circle |z| =1. Then
(a)jle:Zni (b)j—dZ——1 ()I%Z 2mi
cZ cAz+i 2 c
(6)Show that : If C is the circle |z| = 4. Then
Z+1 22
(a)j—dz 2mi (b )J 2 z=0 (c) | ————dz=0
Y (z+2) ¢ (z2+32+2)
(d)j;dz 0 (e)j4dz 0
cZ2+Z+ cZ(z— 2)
(7)Show that : If C is the circle |z| = 3. Then
()jdez 2mi (b )I#d =0 (c)j—dz 0
cZ(z+1) +2) ¢ (z+1)3
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(d)j—dz 0 €] dz = 2xi
c2(z+1)? c(z +1)(Z+2)
(8)Show that :
do do
@f %9 __= 0) {
0 10-6sin0 4 0 31c0s0+2siN0
2n
©F S0 go_7 @) —L—do=C
o 5+4cos6 4 0 (5-3sin0)> 32
o0
() f Ix_— ® cost 7n6
o 14x5 3 % (9+X2) 108e
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4- Fourier Series

(1)Find the Fourier series of the following functions :

(@) f(x) = 4 —x?, —2<x<2, f(x+4) =1x)
(b)f(x) = x2, —2<x<2 f(x+4)=1x%)
Of(x) =x+1, —1<x<1, f(x+2)=1%)

(d)f (x) = xsinx,

—n<x<m f(x+2m) = f(x)

(e)f(x) = |x], —3<x<3, f(x+6)=f(x)
()f(x) =|sinx|, —-n<x<m f(x+2n) =f(x)
@f) =1Ixl -1, —1<x<1, f(x+2)=fx)
(Mf@)=f?’ _éfiig f(x + 2) = f(x)
Or@={1" TIZXZ) fx+2) =t
MDfx) —{O;C _gfzig f(x + 4) = f(x)
ofe ={" T2l it = 1)
T N L L P
(m)f(x) = sin’x, 0<x<2m f(x+2mn) =1(x)

@) If (%)

3) f(x) = x%,

Find: (a) Fourier sine series

0<x<1
1<x<2
Find: (a) Fourier sine series

@ £ = {%,

_x,

0<x<2,

=x+1, xin[0, 1], f(x + 2) =f(x)

Find: (a) Fourier sine series

(b) Fourier cosine series
f(x + 4) = f(x)
(b) Fourier cosine series
f(x + 4) = f(x)

(b) Fourier cosine series
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(5)Using the Fourier series of the function of problem (1.d) to find the sum :

o (_1)n+1 _
Xn=1"p0 7 =13 35 + 5.7
(6)Using the Fourier series of the function of problem (1.k) to find the sum :
( 1)n+1 _ l l _ l
anan =l=3+5—7-



