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1- Functions of Several Variables 

(1)Find the first partial derivatives of the following functions : 

 𝑎  𝑓 𝑥, 𝑦 = 𝑥2 + y4 + xy + 3  𝑏  𝑓 𝑥, 𝑦 = 3𝑥 + xy4 + ln y 

 𝑐  𝑓 𝑥, 𝑦 = cosh x3 +  y sin y  𝑑  𝑓 𝑥, 𝑦 = 𝑥 𝑠𝑖𝑛 𝑥 + 3 𝑠𝑖𝑛𝑕 2𝑦 

 𝑒  𝑓 𝑥, 𝑦, 𝑧 = 𝑥2 + z y4 + x e2z   𝑓  𝑓 𝑥, 𝑦, 𝑧 = 2𝑥4 + ln(3y + z3) 

 𝑔  𝑓 𝑥, 𝑦, 𝑧 = y−3 + sin( 𝑥2 + z)   𝑕  𝑓 𝑥, 𝑦, 𝑧 = x ex + 3z − sinh yz  

(2)Find  fxx  , fyy  , fxy  , fyx  for the following functions : 

 𝑎  𝑓 𝑥, 𝑦 = 𝑥3 + y4 + xy + 3  𝑏  𝑓 𝑥, 𝑦 = 3𝑥 + xy4 + ln y 

 𝑐  𝑓 𝑥, 𝑦 = cosh x3 +  y sin y  𝑑  𝑓 𝑥, 𝑦 = 𝑥 𝑠𝑖𝑛𝑕 𝑥 + 3 𝑐𝑜𝑠 2𝑦 

 𝑒  𝑓 𝑥, 𝑦 = 𝑥2 +  y4 + x e2y   𝑓  𝑓 𝑥, 𝑦 = 2𝑥4 + ln(3 + y3) 

 

(3)For the following functions, show that : 0ff yyxx   

 𝑎  𝑓 𝑥, 𝑦 = x + ey cos x         𝑏  𝑓 𝑥, 𝑦 = x2 − y2              𝑐  𝑓 𝑥, 𝑦 = tan−1 𝑦

𝑥
  

 

(4)Find  
dy

dx
  from the following equations : 

 𝑎  𝑥3 + y4 + x tanh y = 3  𝑏  3𝑥 sin y + xy4 + ln y = 0 

 𝑐  𝑦 cosh x3 +  x sin y = 8  𝑑  𝑥 𝑠𝑖𝑛 𝑥 + 𝑦 𝑐𝑜𝑠 𝑦 = 0 

 𝑒  𝑥2 +  y4 + x ey + 4 = 0  𝑓  2𝑥4 + ln(x + y3) − 2y = 0 

 

(5)Find  
∂z

∂x
,

∂z

∂y
  from the following equations : 

 𝑎  𝑥3 + eyz + x y sin z = 3  𝑏  3𝑥 sin y + xy4 + z ln z = 0 

 𝑐  𝑦 cosh x +  x sin y = z sinh z  𝑑  𝑥 tan 𝑦 + 𝑦 𝑐𝑜𝑠 𝑥 + 𝑧𝑒𝑧 = 0 

 𝑒  𝑥2 +  y4 + z sin(xyz) = 0  𝑓  2𝑥4 + y + 2z + ln(xyz) = 0 

 

(6)Verify Euler’s theorem for the following functions : 

 𝑎  𝑓 𝑥, 𝑦 = 𝑥3 + y3 + x y2  𝑏  𝑓 𝑥, 𝑦 = 3𝑥4 + x y3 − 2y4 

 𝑐  𝑓 𝑥, 𝑦 = ln x − ln y  𝑑  𝑓 𝑥, 𝑦 = 5𝑥 +  𝑥2 + y2  

 𝑒  𝑓 𝑥, 𝑦, 𝑧 = 𝑥4 +  y4 + z y3  𝑓  𝑓 𝑥, 𝑦, 𝑧 = 2𝑥2 + yz + 3z2 

 𝑔  𝑓 𝑥, 𝑦, 𝑧 = x + 2z +  
y2

x + z
  𝑕  𝑓 𝑥, 𝑦, 𝑧 = sin

𝑥

𝑦 + 𝑧
− 𝑐𝑜𝑠

𝑦

𝑧
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(7) If   𝑢 =
𝑥

𝑦
+ sin

𝑥

𝑦+𝑧
− 𝑠𝑖𝑛𝑕

𝑦

𝑧
 . Show that :  𝑥 𝑢𝑥 + 𝑦 𝑢𝑦 + 𝑧 𝑢𝑧 = 0 

(8) If   𝑢 = ln
𝑥3−𝑦3

𝑥2+𝑦2
. Show that :  𝑥 𝑢𝑥 + 𝑦 𝑢𝑦 = 1 

(9) If   𝑢 = tan−1 𝑥3+𝑦3

𝑥+𝑦
. Show that :  𝑥 𝑢𝑥 + 𝑦 𝑢𝑦 = sin 2𝑢 

 

 (10)Find the envelope of the following curves : 

 𝑎  𝑥2 + (y − a)2 = 2a  𝑏  (𝑥 − 𝑏)2 + y2 = 4b 

 𝑐  (𝑥 − 𝑐)2 + (y − c)2 = 8  𝑑  (𝑥 − cos 𝛼)2 + (y − sin α)2 = 1 

 𝑒  x cos θ + y sin θ = 2  𝑓  x sin β + y cos β = 4 

 

(11)Find the extrema of the following functions: 

 𝑎  𝑓 𝑥, 𝑦 = 2x + 3y  𝑏  𝑓 𝑥, 𝑦 = 𝑥2 +  y3 − 4xy + 4y 

 𝑐  𝑓 𝑥, 𝑦 = 3 + ln x − ln y  𝑑  𝑓 𝑥, 𝑦 = 1 − 𝑥2 − y2 − 4x + 2y 

 𝑒  𝑓 𝑥, 𝑦 = 𝑥3 − y3 + 3xy  𝑓  𝑓 𝑥, 𝑦 = 𝑥2 + y2 − 4x + 6y + 2 

 𝑔  𝑓 𝑥, 𝑦 = 𝑥2 + 3y2 + 2xy  𝑕  𝑓 𝑥, 𝑦 = 𝑥4 + y3 + 32x − 9y 

 

(12)Find the extrema of the following functions subject to the given constraints : 

 𝑎  𝑓 𝑥, 𝑦 = xy  ; 4𝑥2 +  y2 = 8 

 𝑏  𝑓 𝑥, 𝑦 = x + y + z  ; 2x + 3y = 2 

 𝑐  𝑓 𝑥, 𝑦 = x + y + z   ; 𝑥2 + y2 + z2 − 27 = 0 

 𝑑  𝑓 𝑥, 𝑦, 𝑧 = 𝑥2 + y2 + z2  ; x + y + z = 12 

 𝑒  𝑓 𝑥, 𝑦, 𝑧 = 𝑥2 + y2 + z2  ; x − y + z = 6 

 

(13)Find the point on the plane  x + 2y – z = 10  nearest to the point  (1, 2, 3). 

 

(14)Find the volume of the largest rectangular box that can be inscribed in the  

ellipsoid :  16𝑥2 + 4y2 + 9z2 = 144 

 

 

 



Department of Industrial Eng.          Mathematics 3          2017         Dr. Mohamed Eid     
 

3 

 

2- Vectors Analysis 

(1) If  𝑈 = 2𝑖 − 2𝑗 + 𝑘,   𝑉 = 3𝑖 + 4𝑘,   𝑊 = 𝑖 − 2𝑗 + 2𝑘. Find : 

   𝑎  𝑈 + 𝑉                             𝑏  𝑈 + 𝑉 + 𝑊                         𝑐  𝑈 + 3𝑉 − 2𝑊  

   𝑑  𝑈 . 𝑉                                𝑒  𝑈 . 𝑉 + 𝑉 .𝑊                         𝑓  𝑈 𝑥𝑉 + 𝑉 𝑥𝑊  

   𝑔  |𝑈 | + |𝑉 |                       𝑕  |𝑈 | + 𝑉 .𝑊                          𝑖   𝑈 𝑥𝑉  − |𝑉 𝑥𝑊 | 

(2)Find the angle between the vectors : U 2i j 2k    and V 3i 4j   

(3)Let  P(1, 2, – 1), Q(3, 0, – 3) and S(5, 4, 1) be vertices of a triangle.  

     Find the interior angles of this triangle. 

(4) Find the value of the constant  c  so that the vectors U 3i j ck    and 

      V i 2j 2k    are perpendicular. 

(5)Find a unit vector perpendicular to the plane of the two vectors : 

    U 2i j 3k    and  V i 4j   . 

(6) If  𝑈 = (𝑡2 + 2𝑡)𝑖 + (𝑡 sin 𝑡) 𝑗 + (2 + cos 𝑡)𝑘. Find   
𝑑𝑈 

𝑑𝑡
 ,

𝑑2𝑈 

𝑑𝑡2  

(7) If  𝑈 = (𝑡 + 𝑒𝑡)𝑖 + (𝑡 + sinh 𝑡) 𝑗 + (3𝑡 + cos 𝑡)𝑘. Find   
𝑑𝑈 

𝑑𝑡
 , |  

𝑑2𝑈 

𝑑𝑡2 |  at  t = 0. 

(8) If  𝑈 = (𝑥2 + 𝑦𝑧)𝑖 + (𝑦 sin 𝑥) 𝑗 + (2𝑦 + cos 𝑧)𝑘.  

   Find   
𝜕𝑈 

𝜕𝑥
 ,

𝜕𝑈 

𝜕𝑦
 ,

𝜕𝑈 

𝜕𝑧
, 𝑈 𝑥𝑥  , 𝑈 𝑦𝑦 , 𝑈 𝑧𝑧 , 𝑈 𝑥𝑦 , 𝑈 𝑥𝑧 , 𝑈 𝑦𝑧   

(9) Find  φ  where : 

   𝑎   𝜑 = 𝑥4 + 𝑦𝑧 + 2𝑦𝑧      𝑏   𝜑 = 𝑦 sin 𝑥 + 𝑧 cos 𝑦 + 𝑒𝑧        𝑐   𝜑 = 𝑥3 + 𝑥𝑦𝑧 + 𝑒𝑥𝑦𝑧  

(10) If   𝜑 = 𝑥4 sin 𝑦 + 𝑒𝑧  ,  ψ = 𝑒𝑥𝑦𝑧 . Find φ , ψ  and  ( + ψ). 

(11)Find the angle between the normal vectors to the surfaces :  𝑥2 + y2 + z2 = 16 

   and  𝑥2 + y2 − 3z + 2 = 0  at the point (2, 3 , 3). 

(12)Find . U  where :  

  (a) 𝑈 = (𝑥2𝑦)𝑖 + (𝑦𝑧)𝑗 + cos(𝑥𝑧)𝑘. 

  (b) 𝑈 =  𝑒𝑥𝑦 𝑖 − (𝑦 + 𝑧)𝑗 + sin(2𝑥 + 3𝑧)𝑘. 

  (c) 𝑈 = (𝑦𝑧)𝑖 + (𝑥𝑦𝑧)𝑗 + ln(𝑥 + 3𝑦 + 2𝑧)𝑘. 

(13)Find . U  at the point (1, 1, 1) where :  𝑈 = (𝑦𝑧)𝑖 + (𝑥𝑦 + 𝑧)𝑗 + ln(𝑥𝑦𝑧)𝑘. 
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(14)Find x U  where :  

  (a) 𝑈 = (𝑥2𝑦)𝑖 + (𝑦𝑧)𝑗 + cos(𝑥𝑧)𝑘. 

  (b) 𝑈 =  𝑒𝑥𝑦 𝑖 − (𝑦 + 𝑧)𝑗 + sin(2𝑥 + 3𝑧)𝑘. 

  (c) 𝑈 = (𝑦𝑧)𝑖 + (𝑥𝑦𝑧)𝑗 + ln(𝑥 + 3𝑦 + 2𝑧)𝑘. 

 

(15)Find x U  at the point (1, 1, 1) where :  𝑈 = (𝑦𝑧)𝑖 + (𝑥𝑦 + 𝑧)𝑗 + ln(𝑥𝑦𝑧)𝑘. 

 

(16)Find  ∇. (U + V )  ,  ∇x(U + V ),  ∇. (U xV ) , ∇(U . V )  where:  

   𝑈 = 𝑥2 𝑖 + 𝑥𝑦 𝑗 + 𝑦3𝑧 𝑘  and  𝑉 =  𝑦𝑧 𝑖 − 𝑦 𝑗 + 𝑥𝑧 𝑘. 

 

(17) Find the integral :   𝑥 + 𝑦 𝑑𝑥
(1,1)

(0,0)
+  2𝑥 − 3𝑦 𝑑𝑦  along the curves : 

    (a) y = x                       (b)  𝑥2 = 𝑦                  (c)  𝑥 = 𝑦2           (d)  𝑦 = 𝑥3 

 

(18) Find the integral :   𝑥 + 2𝑦 𝑑𝑥
(1,1)

(0,0)
+  2𝑥 − 𝑦 𝑑𝑦  along the curves : 

    (a) y = x                       (b)  𝑥2 = 𝑦                  (c)  𝑥 = 𝑦2           (d)  𝑦 = 𝑥3 

 

(19) Find the integral :   (𝑥𝑦)
𝐶

+  𝑥 + 𝑦 𝑑𝑦  along the curve C given by : 

    (a)  𝑥2 = 𝑦 ,  𝑥 = 𝑦2                           (b)  𝑥2 + 𝑦2 = 4 

 

(20) Find the integral :   (𝑥 + 2𝑦)
𝐶

+  𝑥2 − 𝑦 𝑑𝑦  where the curve C is the sides 

of the triangle of vertices : (0, 0), (2, 0), (2, 2). 

 

(21) Find the integral :   (2𝑥𝑦)
𝐶

+  𝑥2 + 𝑦3 𝑑𝑦  where the curve C given by : 

    (a)  𝑦 = 𝑥 ,   𝑦 = 𝑥2                          (b)  𝑥2 + 𝑦2 = 5 

 

(22) Find the integral :   (3𝑥2𝑦)
𝐶

+  𝑥3 − 2𝑦 𝑑𝑦  where the curve C is the sides 

of  the rectangle of vertices : (0, 0), (2, 0), (2, 2), (0. 2). 
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3- Complex Functions 

(1)Determine which of the following functions are harmonic : 

 𝑎  𝑢 = 𝑥 sin 𝑦 − 𝑦 cos 𝑥  𝑏  𝑢 = 𝑥2 − 𝑦2  𝑐  𝑢 = 𝑥2 + 2𝑦 − 𝑦2 + 2 

 𝑑  𝑣 = 𝑥3 − 3𝑥𝑦2 + 𝑥  𝑒  𝑣 = 𝑦2 + 𝑥𝑦 − 𝑥2  𝑓  𝑣 = 𝑥2 + 2𝑥 − 𝑦2 − 3 

(2)Show that the following functions satisfy Riemman equations : 

 𝑎  𝑓 𝑧 = 2𝑧 + 3  𝑏  𝑓(𝑧) = 𝑧2 − 3𝑧  𝑐  𝑓 𝑧 = 𝑧 + 𝑒𝑧  

 𝑑  𝑓 𝑧 = 3 + sin 2𝑧  𝑒  𝑓 𝑧 = 𝑧 − cosh 𝑧  𝑓  𝑓(𝑧) = 𝑧2 + cos 𝑧 

(3)Find the residues of the following functions: 

 𝑎  𝑓 𝑧 = 2𝑧 + 3  𝑏  𝑓(𝑧) =
𝑧 − 1

𝑧2(𝑧 − 2)
  𝑐  𝑓 𝑧 =

sin 𝑧

𝑧
 

 𝑑  𝑓 𝑧 =
𝑒𝑧

𝑧3(𝑧 − 1)
  𝑒  𝑓 𝑧 =

𝑒𝑧

𝑧 − 𝑖
  𝑓  𝑓(𝑧) =

𝑧

𝑧2 − 5𝑧 + 6
 

 (4)Show that : If c is the ellipse  z(t) = 5cost + i4sint. Then  

    (a)
c

1
dz 0

z 8



                      (b)

3z

c

e
dz 0

z 3πi



               (c)

c

cosh 2z
dz 0

z 8i



         

    (d)
2

c

ln(z 6)
dz 0

36z





               (e)

2
c

sin 4z
dz 0

36z



               (f)

c

sinh z
dz 0

z 3πi



 

(5)Show that : If  C  is the circle |z| =1. Then 

    (a)
c

1
dz 2πi

z
                         (b)

c

1 πi
dz

4z i 2



              (c)

c

cosz
dz 2πi

z
          

(6)Show that : If  C is the circle |z| = 4. Then 

    (a)
2

c

z
dz 2πi

1z



                  (b)

2
c

z 1
dz 0

(z 2)z





           (c)

2

22c

z
dz 0

( 3z 2)z


 

             

    (d)
2

c

1
dz 0

z 1z


 
               (e) 


dz

)2z(z

1

c
3

0                 

 (7)Show that : If  C is the circle |z| = 3. Then 

    (a)
c

z 2
dz 2πi

z(z 1)





               (b)

c

1
dz 0

z(z 2)



              (c)

3
c

1
dz 0

(z 1)



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    (d)
2

c

1
dz 0

z(z 1)



                 (e)

c

z
dz 2πi

(z 1)(z 2)


 
            

(8)Show that : 

    (a)
2π

0

dθ π

10 6sinθ 4



                              (b)

2

0

d

3 cos 2sin

 
 

  
 

    (c)
2π 2

0

θ πsin
dθ

5 4cosθ 4



                           (d)

2π

2
0

1 5π
dθ

32(5 3sinθ)



                 

    (e)
2

6

πx
dx

31 x








                                  (f)
2 62

cos2x 7π
dx

108e(9 )x







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4- Fourier Series 

(1)Find the Fourier series of the following functions : 

  𝑎 𝑓 𝑥 = 4 − 𝑥2 , −2 ≤ x ≤ 2,    f x + 4 = f(x) 

  𝑏 𝑓 𝑥 = 𝑥2 ,               − 2 ≤ x ≤ 2,    f x + 4 = f(x) 

  𝑐 𝑓 𝑥 = x + 1,          − 1 ≤ x ≤ 1,    f x + 2 = f(x) 

  𝑑 𝑓 𝑥 = x sin x ,         − π ≤ x ≤ π,    f x + 2π = f(x) 

  𝑒 𝑓 𝑥 = |x| ,                − 3 ≤ x ≤ 3,    f x + 6 = f(x) 

  𝑓 𝑓 𝑥 = | sin x | ,        − π ≤ x ≤ π,    f x + 2π = f(x) 

  𝑔 𝑓 𝑥 =  x − 1,         − 1 ≤ x ≤ 1,    f x + 2 = f(x) 

  𝑕 𝑓 𝑥 =  
−1,              − 1 ≤ x ≤ 0  

1                     0 < 𝑥 ≤ 1
    f x + 2 = f(x) 

  𝑖 𝑓 𝑥 =  
1 + 𝑥,           − 1 ≤ x ≤ 0  

1 − 𝑥,             0 < 𝑥 ≤ 1
     f x + 2 = f(x) 

  𝑗 𝑓 𝑥 =  
0,                   − 2 ≤ x ≤ 0  

𝑥2 ,                    0 < 𝑥 ≤ 2
      f x + 4 = f(x) 

  𝑘 𝑓 𝑥 =  
0,                   − 2 ≤ x ≤ 0  

1,                      0 < 𝑥 ≤ 2
      f x + 4 = f(x) 

  𝑙 𝑓 𝑥 =  
0,                    − π ≤ x ≤ 0  
sin 𝑥 ,                  0 < 𝑥 ≤ 𝜋

      f x + 2π = f(x)  

  𝑚 𝑓 𝑥 = 𝑠𝑖𝑛5𝑥,                 0 ≤ x ≤ 2π,    f x + 2π = f(x) 

(2) If  f(x) = x + 1,  x in [0, 1],  f(x + 2) = f(x) 

    Find: (a) Fourier sine series          (b) Fourier cosine series 

(3) 𝑓 𝑥 = 𝑥2 ,     0 ≤ x ≤ 2,     f x + 4 = f(x) 

    Find: (a) Fourier sine series           (b) Fourier cosine series 

(4) 𝑓 𝑥 =  
𝑥,              0 ≤ x ≤ 1  
2 − 𝑥,    1 < 𝑥 ≤ 2

     f x + 4 = f(x) 

    Find: (a) Fourier sine series            (b) Fourier cosine series 

(5)Using the Fourier series of the function of problem (1.d) to find the sum :    

       
(−1)𝑛+1

4𝑛2−1
∞
𝑛=1 =

1

1.3
−

1

3.5
+

1

5.7
… 

 

(6)Using the Fourier series of the function of problem (1.k) to find the sum :   

      
(−1)𝑛+1

2𝑛−1
∞
𝑛=1 = 1 −

1

3
+

1

5
−

1

7
… 


